It is shown that the causal structure associated to string-like solutions of the Fadeev-Niemi (FN) model is described by an effective metric. Remarkably, the surfaces characterising the causal replacement depend on the energy momentum tensor of the background soliton and carry implicitly a topological invariant π 3 (S 2 ). As a consequence, it follows that the preimage curves in R 3 nontrivialy define directions where the cones remain unchanged. It turns out that these results may be of importance in understanding time dependent solutions (collisions/scatterings) numerically or analytically.
I. INTRODUCTION
The existence of closed string-like solutions in (3+1)-dimensional field theories is certainly one of the intriguing aspects of modern mathematical physics. Typically, these localised solutions describe one-dimensional structures which may twist non-trivialy in the forms of loops, links and knots characterised by a Hopf index. Roughly, a Hopf soliton (or hopfion) is a knot in a threedimensional continuous unit vector field which cannot be unknotted without cutting [1] . Remarkably, they appear in a variety of physical systems such as Bose-Einstein condensates [2] , ferromagnetism [3] , magnetohydrodynamics [4] and non-abelian gauge theories, where they are supposed to describe glue-balls [5] . More recently, it was proposed that liquid crystals also provide an ideal setting for exploring such topological phenomena [6] 1 .
One of the simplest relativistic systems supporting knots is the O(3) variant of the Skyrme model [8] . The so called Fadeev-Niemi (FN) model describes the dynamics of a threedimensional iso-vector n(x a ) taking values on a bi-dimensional sphere S 2 i.e. n · n = 1 [5] .
The lagrangian is that of a sigma model plus fourth order corrections and the topological content appears when we consider static solutions with asymptotic behaviour n| ∞ = (0, 0, 1). In this situation the field realizes the map between spheres R 3 ∪ {∞} ∼ = S 3 → S 2 which is characterised by the Hopf index. Interestingly, the FN 1 See also [7] for a discussion in the context of steady Euler flows arXiv:1410.7656v1 [math-ph] 28 Oct 2014 model appears quite naturally in the dual superconducting (DS) picture of the strongly coupled SU(2) Yang-Mills theory discussed in a series of papers [9] - [13] . Accordingly, the high energy limit of the theory describes asymptotically free, massless point-like gluons and the infrared limit describes extended flux tubes which close on themselves in stable knotted configurations. This scenario is particularly compelling because it is consistent with the accepted notion of color confinement in QCD and therefore can shed some light into the mass gap problem. Unfortunately, the equations are highly nonlinear and most of the results rely on numerical lattices approaches and/or approximations [14] - [17] .
Although important results on the global existence and development of singularities have been obtained for semi-linear wave maps (see, for instance, [18] - [20] and references therein) much less is known about the evolutionary properties of the FN equations. Generically, one expects that not all initial data will be mathematically admissible since for a large class of them the Cauchy problem would be ill-posed. Indeed, it is quite common that quasi-linear PDE's generate systems which are not of evolutionary type (for some data) even if the theory is Lorentz invariant by construction (see, for instance, [21] ).
Needless to say, this lack of hiperbolicity may be of crucial importance in numerical simulations where imprecisions in the initial data may originate instabilities, singularities and discontinuous solutions.
In this letter we investigate the causal structure of the FN model and clarify some aspects related to its propagation features. We show that the high frequency excitations on top of background solutions are described by characteristic surfaces governed by a curved effective geometry (see [22] for a review). This is related to the fact that for quasi-linear equations wave velocities are not given a priori, but change as functions of initial data, directions of propagation and wave polarisation. With respect to the new geometry, rays are equivalent to null geodesics, and therefore can be described using traditional tools of General Relativity (see [23] for a similar analysis in the context of hydrodynamics). In particular, we show that the causal replacement inherits the Hopf charge of the soliton. In this sense, the present work is a natural generalisation of previous results sketched by Gibbons and the author in [24] .
II. FADEEV-NIEMI MODEL

A. Kinematics
Formally, the FN model is a Lorentz invariant lagrangian theory of maps into a surface [19] .
It can be implemented in terms of a continuous and surjective map φ : (R 1+3 , η) → (S 2 , h) where η ab = diag(+ − −−) and h AB (φ) is the riemannian metric on the unit 2-sphere. The map induces the pull-back spacetime tensors φ * h and
with AB the area 2-form on the sphere. Following [25] we call the tensor η −1 •φ * h the strain for the map φ. The antisymmetric object F ab and the strain satisfy the algebraic relation
Typically, one is interested in particular mappings with the asymptotic behaviour φ A | ∞ → const, which means that the state of the fields are homogeneous as they approach spatial infinity 2 . As usual, we choose this constant such that the field state corresponds to the north pole N on the target. Under this boundary condition, φ A (x 0 , x i ) effectively maps S 3 in S 2 for a given time coordinate x 0 and therefore there is a ho-
will remain the same under any smooth deformation of the map.
According to the above construction F ab is globally exact i.e.
Thus, ∃ C a such that
Also, if we define the dual * F ab ≡ η abcd F cd /2, with η abcd the usual Levi-Civita tensor it follows that *
energy for static configurations.
identically. In particular we have ∂ b * F ab = 0
and it results a conserved current of the form
Whitehead first showed [26] that it is possible to express the Hopf invariant as an integral of the form
with t b a normalised timelike vector (t a t a = 1) orthogonal to the space slices. Interestingly, the pre-image φ −1 (P ) of a given point P ∈ S 2 is an integral line of the divergenceless magnetic-like vector field in R 3 given by
As is well known, Q can be interpreted heuristically as the linking number between two such "magnetic" field lines, (φ −1 (P 1 ) and φ −1 (P 2 ), respectively). Generically, these field lines will twist among themselves in a highly nontrivial way for large values of the index, filling the space with a complex fibered structure (see Fig.1 ). In particular, the pre-image of the south pole S is defined as the position of the Hopf soliton as it corresponds to the position in S 2 more distant to the vacuum.
B. Dynamics
The pulled-back tensors L ab and F ab give rise to invariants from which we can naturally define an action for the map. In the model proposed by Fadeev and Niemi the action is given by respond to the pre-images φ −1 (P 1 ) and φ −1 (P 2 ) of two points P 1 and
where, as usually, the second term is introduced in order to guarantee the stability of solitons against scalings and κ is a parameter controlling the strength of nonlinearities. We note that this term resembles the lagrangian of Maxwell's electrodynamics 3 .
Variation with respect to φ A yields a system of second order quasi-linear PDE's which can be written in the compact form
3 When one considers static configurations, the first term corresponds to a Dirichlet term and the second to the energy of the vector field B a directed along the fibers
where
X AB ≡ ∂ a φ A ∂ b φ B η ab and || represents the covariant derivative with respect to h AB 4 . In terms of the target connection Γ A BC , Eq. (7) can be written as
which reveals that the equation of motion consists of various types of self-interactions arising from the non-standard kinetic terms and the target space geometry.
Generically, it is possible to express Eq. (9) as
where "..." stands for semilinear terms in φ A (lower order derivatives) and the principal symbol is given by
As it is well known, the highest-order terms in derivatives almost completely controls the qualitative behaviour of solutions of a partial differential equation. We note that M is automatically symmetric with respect to ab and AB. Also, in the absence of the Skyrme term eq. (7) reduces to the semilinear equation known as the classical O(3) sigma-model. 4 Note that Eq. (7) can be written also in the form
In what follows we will see that the energy momentum tensor plays a crucial role in the description of the propagation cones. Here, T ab can be split in two parts
Note that T ab (2) has exactly the same form as the energy momentum-tensor in electrodynamics. In particular, it is traceless, which implies the well known equation of state p (2) = ρ (2) /3 between the corresponding energy and pressure. In [27] it was showed by Gibbons that the energy momentum tensor of the SU (2) Skyrme model satisfies the dominant energy condition. This was achieved using the eigenvalue decomposition introduced by Manton in [25] . Here, we see that this property still holds because the content of the lagrangian is the same.
III. CHARACTERISTIC SURFACES
The nonlinear structure of the field equations implies that linearised waves interact with background solutions in a nontrivial way. The characteritic surfaces of the model can be obtained by means of the eikonal approximation. Formally, we consider a one-parameter family of solutions of the form
where φ A 0 (x) is a smooth solution and let the real parameter α → 0. In this limit, we can discard all semilinear contributions in (10) and consider only the principal part term contributions.
Defining the wave covector k a ≡ ∂ a Σ, the equation of motion reduces to the eigenvalue
where we defined the symmetric matrix
It follows that (13) can be solved only if k a satisfy the algebraic conditions
As a consequence, at a given spacetime point, 
Surprisingly, the reciprocal quadratic form (h −1 ) ab can be written in terms of the total energy momentum tensor of the background field
where L is nothing but the lagrangian of the model and T ab = T ab (1) + T ab (2) . As a consequence, the vanishing sets of (15) More explicitly, we have
which reveals that both pulled-back tensors con- 
As is well known, these cones completely determine the causal structure of the theory once a solution is given. In particular, nontrivial excitations propagate along geodesics of the effective spacetime. In fact, we obtain (see, for instance,
where ; is such that h ab;c = 0. Note that for an arbitrary solution φ 0 endowed with invariant Q the quadratic form h is generally curved, implying that we can use appropriate geometrical methods to describe the causal structure.
IV. QUALITATIVE ANALYSIS
We now discuss some general properties of the effective metric. For the sake of simplicity, let us suppose that the solution φ A 0 describes a static Hopf soliton with a given topological invariant Q. Time-dependent configurations may be easily obtained using the same framework. In the static regime Eq. (17) reduces to
with r the position vector in R 3 and i, j = 1, 2, 3.
Because the field tends to its vacuum in spatial infinity i.e. φ A |∞ → const, we automatically 
meaning that the kernel of L a b is determined by a timelike vector t a and the "magnetic" field itself. A direct inspection in Eq. (1) implies that the projection F a c F c b B b also vanishes. Now, the wave front is determined by a covector k a ∈ T * p M of the form k a = rt a + sB a with (r,s) real components. Using the above results in Eq. (17) it follows directly What about wave propagation in other directions? Following Manton [25] we suppose that L ab can be diagonalised relative to η ab in a given 
In particular, we have B a B a = −λ 2 1 λ 2 2 . Using Eq. (22) in Eq. (17) it results an automatically (9) on top of a static solution yields a well defined causal structure. ii) Wave propagation is always sub-luminal, implying that the theory is causal. In particular, velocities of propagation orthogonal to the pre-image curve are of the form
Note that they tend to 1 in spatial infinity.
The "sound" cones of the theory may be obtained also in terms of the null intervals
It follows that, locally, the cross-sections of the effective cone in the tangent space are described by ellipsoids with major-axis oriented in the directions defined by B a . This result is valid for all possible pre-images φ A = const for all possible charges. See Fig.2 for an illustration.
Again, we stress that because links between preimages are nontrivial and eigenvalues are spacedependent quantities there will be a highly complex causal structure associated. It remains the possibility that linked or knotted congruences of rays emerge in R 3 with regions where waves are trapped.
5 At least if the quantities λi are sufficiently regular everywhere.
V. RATIONAL MAPS AND APPROXIMATE EFFECTIVE
GEOMETRIES
In this section we use the rational map ansatz introduced by Suttcliffe in [17] (see also [29] ) in order to explore approximate expressions for (h −1 ) ab . The idea is to achieve a qualitative picture of the metrics without appealing to complicated numerical simulations.
The strategy is as follows. Recall that the assumption φ A | ∞ = const effectively compactifies R 3 to the hypersphere S 3 . A point of S 3
can be thought also as a point of the plane of complex dimension 2 with coordinates (Z 1 , Z 0 )
and
onto R 3 using the map
where ( 
where p and q are polynomials.
As a consequence, for each point W ∈ S 2 , we obtain a closed curve φ −1 (W ) in R 3 , whose image by φ A is the point W 6 . The tangent vectors to these curves define precisely the direction of B a . In particular, we can obtain the whole of the R 3 as "fibers" over the ordinary 2-sphere.
Incidentally, for any two points, W 1 and W 2 on S 2 , the corresponding "fibers" are nontrivialy linked. The number of links depends crucially on the degree of the polynomials p(Z 1 , Z 0 ) and
The interesting point here is that once p and q are given as functions of Z 1 and Z 0 , the effective metric may be easily obtained. This can be accomplished writing the pull-back quantities L ab and F ab in terms of the derivatives of W . We obtain
with (a, b) = (ab + ba) and [a, b] = ab − ba and W the complex conjugate 7 . Basically, there will be three different classes of effective geometries.
They follow naturally from the classification presented in [17] for all possible background fields.
6 It is also common to call the pre-image as the "fiber" over the point W . 7 Alternatively, we have: As a consequence of the above ansatz, one is now able to speak about effective geometries engendered by knotted structures. Each geometry carries implicitly a Hopf charge with it and is somehow related to the homotopy class of the configuration. Waves are described by pencils of null geodesics scattered by the corresponding geometry and it is possible that they remain trapped for some regions of the effective spacetime. In order to understand better these aspects, it would be interesting to analyse in more details the geometrical and topological properties of the above metrics, including their symmetries (see [30] for a Bianchi classification in the helical phase of chiral nematic liquid crystals).
In particular, one could investigate the approximate behaviour of geodesics arriving from a vacuum domain which is scattered by the solitonic structure. We shall come back to these questions in the future. The points where a parallel intersects a meridian in S 2 are given by the intersections of φ −1 (R = const) and φ −1 (Φ = const) in R 3 .
They are closed curves pairwise linked. We can 
